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ACTIONS OF GROUPS OF FOLIATED HOMEOMORPHISMS ON
SPACES OF LEAVES
SERGIY MAKSYMENKO AND EUGENE POLULYAKH
Abstract. Let ∆ be a foliation on a topological manifold X, Y be the space of leaves, and
p : X → Y be the natural projection. Endow Y with the factor topology with respect to p.
Then the group H(X,∆) of foliated (i.e. mapping leaves onto leaves) homeomorphisms of X
naturally acts on the space of leaves Y , which gives a homomorphism ψ : H(X,∆)→ H(Y ).
We present sufficient conditions when ψ is continuous with respect to the corresponding
compact open topologies.
In fact similar results hold not only for foliations but for a more general class of partitions
∆ of locally compact Hausdorff spaces X.
1. Introduction
Let X be an m-dimensional topological manifold and ∆ be a foliation on X. Denote by
Y the space of leaves of ∆ and let p : X → Y be the natural projection associating to each
x ∈ X the leaf containing x. Endow Y with the factor topology with respect to p, so a subset
A ⊂ Y is open if and only if p−1(A) is open in X.
A homeomorphism h : X → X will be called
• foliated if for each leaf y of ∆ its image h(y) is also a leaf of ∆;
• leaf-preserving if h(y) = y for each leaf y of ∆.
Obviously, each leaf-preserving homeomorphism is foliated.
Denote by H(X,∆) the group of all foliated homeomorphisms of X and by H(Y ) the group
of all homeomorphisms of Y . Endow these groups with the compact open topologies. Notice
that in general the multiplication and inversion are not continuous operations in H(X,∆)
and H(Y ) with respect to compact open topologies.
The spaces of leaves Y of foliations often appear as spaces of orbits of flows and more
generally of group actions and play an important role in the understanding the dynamics of
that actions, e.g. [5, 15, 4, 7, 10, 2, 3] and others. The usual difficulty arising at once when
we pass from the manifold X to the space of leaves Y is that Y is usually non-Hausdorff.
Moreover, if some leaves of ∆ are non-closed as subsets ofX, (e.g. dense in some open subset),
then Y is not T1 as well. Let us also mention that in [11] it was given a characterization of
a manifold Y to be metrizable in terms of H(Y ) endowed with compact open topology.
Homotopy properties of groupsH(X,∆) were studied e.g. in [28, 30, 29, 31, 32, 14, 1, 19, 21]
and references therein. Most of them extend the results by M. Herman [16], W. Thurston [33],
J. Mather [26, 27] and D. B. A. Epstein [8] about perfectness of such groups (i.e. triviality
homologies of their classifying spaces).
The aim of the present paper is to propose a certain approach for relating the homotopy
types of the groups H(X,∆) and H(Y ). Notice that each h ∈ H(X,∆) yields a permutation
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ψ(h) : Y → Y of the leaves of ∆ such that the following diagram is commutative:
X
h−−−→ X
p
y yp
Y
ψ(h)−−−→ Y
(1.1)
One can easily check that ψ(h) is in fact a homeomorphism of Y , see e.g. Lemma 3.1 below,
while the correspondence h → ψ(h) is a well-defined homomorphism ψ : H(X,∆) → H(Y ).
Evidently, its kernel ker(ψ) consists of leaf-preserving homeomorphisms.
We will study the question whether the following natural property holds:
(C) The homomorphism ψ : H(X,∆) → H(Y ) is continuous with respect to the corre-
sponding compact open topologies of those groups.
It is satisfied in many special cases, however the authors were not able to find its general
investigations in the available literature. One of the reasons is that the space of leaves is
usually non-Hausdorff, while compact open topologies are well-studied for locally compact
Hausdorff spaces, e.g. [9].
Under essentially more general settings than foliations we will show, see Lemma 3.3, that
property (C) is a consequence of the following condition:
(K) For every compact L ⊂ Y there exists a compact K ⊂ X such that p(K) = L.
Further we will describe several particular situations when (K) and therefore (C) hold, see
Corollary 3.4. On the other hand, we will also present examples when (C) holds, while (K)
fails, see examples in Seciton 6. They are well-known partition of torus by orbits of irrational
flow and partition into orbits of Denjoy homeomorphism of the circle.
The following Theorem 1.1 is one of the principal results of the paper.
Say that a subset A ⊂ Y is locally finite, if every y ∈ Y has a neighborhood U such that
U ∩ A is a finite set.
We also say that points y, z ∈ Y are T2-disjoint , if they have disjoint neighborhoods. If a
point y ∈ Y is not T2-disjoint from some other point z ∈ Y , then y will be called a branch
point of Y , see Section 4 for details.
Theorem 1.1. Let ∆ be a foliation on a Hausdorff topological manifold X. Suppose that
a) the space of leaves Y of ∆ is a T1-space, i.e. each leaf ω of ∆ is a closed subset of X;
b) the set of branch points of Y is locally finite.
Then the map (3.3) ψ : H(X,∆)→ H(Y ) is continuous with respect to compact open topolo-
gies.
This theorem is a special case of Theorem 5.2 and will be proved in subsection 5.3.
Evaluation maps. Property (C) has also several consequences which relate the homotopy
groups of H(X,∆) and H(Y ).
Let x ∈ X, y = p(x) ∈ Y be the leaf containing x and
evx : H(X,∆)→ X, evy : H(Y )→ Y,
evx(h) = h(x), evy(g) = g(y),
be the evaluation maps at x and y respectively. It is well known and is easy to show that
evx and evy are continuous, see Lemma 2.5.
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Then commutativity of the diagram (1.1) implies another commutative diagram:
H(X,∆) ψ−−−→ H(Y )
evx
y yevy
X
p−−−→ Y
(1.2)
Indeed,
p ◦ evx(h) = p
(
h(x)
)
= ψ(h)
(
p(x)
)
= ψ(h)(y) = evy ◦ ψ(h).
Till the end of this section assume that property (C) holds, that is ψ is continuous, and
so (1.2) consists of continuous maps. Then the following statements hold.
1) For each n ≥ 0 diagram (1.2) induces a diagram consisting of the corresponding k-th
homotopy groups and induced homomorphisms:
pik
(H(X,∆), idX) ψk−−−→ pik(H(Y ), idY )
(evx)k
y y(evy)k
pik(X, x)
pk−−−→ pik(Y, y)
(1.3)
Let us mention that for k = 0 the sets pi0
(H(X,∆), idX) and pi0(H(Y ), idY ) are in fact
groups, and the induced map
ψ0 : pi0
(H(X,∆), idX)→ pi0(H(Y ), idY )
of those groups is a homomorphism as well, see Lemma 2.1.
2) There is a similar diagram for any subgroup G of H(X,∆):
G ψ−−−→ H(Y )
evx
y yevy
X
p−−−→ Y
(1.4)
3) Finally, let us consider a very important case when X is a smooth manifold, ∆ is a
smooth foliation, and G is the group of foliated diffeomorphisms of X. Then G is usually
endowed with a strong or weak Cr topology for some r ≥ 0. Since the compact open topology
is the same as weak C0 and is the weakest among all the above topologies, we see that the
homomorphism ψ : G → H(Y ) is still continuous into compact open topology of H(Y ), and
we still get the commutative diagram:
pik
(G, idX) ψ−−−→ pik(H(Y ), idY )
evx
y yevy
pik(X, x)
p−−−→ pik(Y, y)
(1.5)
Structure of the paper. In the preliminary section 2 we discuss topological monoids and
non-Hausdorff locally compact spaces. It is shown that many properties of compact open
topologies on the spaces of continuous maps between locally compact Hausdorff topological
spaces are preserved if we omit Hausdorff property. In fact, the presented results are known
and in some cases are rather simple, but we give their proofs just to assure that we do not
assume Hausdorff property.
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In Section 3 we also consider arbitrary partitions not only foliations, and prove in Lemma 3.3
that condition (K) implies (C).
Section 4 is devoted to the study of so called branch points at which the space of leaves
looses Hausdorff property. Finally in section 5 we prove Theorem 5.2 and its particular case
Theorem 1.1.
2. Preliminaries
Topological monoids. Recall that a monoid structure on a set G is a map µ : G×G→ G
being associative and having a unit element e ∈ G, that is µ(a, µ(b, c)) = µ(µ(a, b), c) and
µ(a, e) = µ(e, a) = a for all a, b, c ∈ G. We will usually denote µ(a, b) simply by ab.
Notice that the unit element in a monoid is unique. Indeed, if e′ is another unit, then
e′ = ee′ = e.
A homomorphism of monoids q : G→ H with units eG and eH respectively is a map such
that q(eG) = eH and q(ab) = q(a)q(b) for all a, b ∈ G.
If a monoid G is endowed with a topology in which µ is continuous, then it is called a
topological monoid .
Let G be a topological monoid. For each a ∈ G denote by Ga the path component of G
containing a. Recall that the set of all path components of G with a distinguished element
Ge is denoted by pi0(G, e) and called 0-th homotopy set of G at e. Formally it can be defined
as the set of homotopy classes
pi0(G, e) =
[
({0, 1}, 0), (G, e)]
of maps of 0-dimensional sphere S0 ≡ ∂[0, 1] ≡ {0, 1} → G sending 0 to e. In general
0-th homotopy set of a topological space is not a group in contrast to other sets pik(G, e)
with k ≥ 1. However, as the following easy and well known lemma claims, pi0(G, e) inherits
algebraic structure of G, therefore it is a topological monoid or a topological group.
Lemma 2.1. (a) Let q : G → H be a homomorphism of monoids with units eG and eH
respectively. If a ∈ G is invertible, then q(a)−1 = q(a−1) is invertible in H. In particular, if
G is a group, and q is surjective, then H is a group as well.
(b) Let G be a topological monoid. Then GaGb := µ(Ga × Gb) ⊂ Gab for all a, b ∈ G.
Hence one can define a monoid structure on pi0(G, e) by Ga ∗ Gb = Gab, so that the natural
projection q : G→ pi0(G, e) defined by q(a) = Ga becomes a morphism of monoids.
If G is a group (not necessary topological, i.e. the inversion map is not necessarily contin-
uous), then Ge is a normal subgroup, Ga = aGe = Gea for each a ∈ G, so the above map q
is a composition q : G→ G/Ge ∼= pi0(G, e).
(c) Let ψ : G → H be a continuous homomorphism of topological monoids with unit ele-
ments eG and eH respectively. Then the induced mapping ψ0 : pi0(G, eG) → pi0(H, eH) is a
homomorphism of monoids. If pi0(G, eG) and pi0(H, eH) are groups, then ψ0 is a homomor-
phism of groups.
Proof. (b) Since by definition the sets Ga and Gb are path connected, their product GaGb :=
µ(Ga×Gb) is path connected as well. Moreover, as it contains ab, it follows that µ(Ga×Gb) ⊂
Gab.
All other statements of lemma are easy we leave them for the reader. 
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Locally compact spaces. Let X be a topological space.
Definition 2.2. We will say that X is locally compact if every point x ∈ X has a local base
consisting of compact neighborhoods. In other words, for every open U containing x, there
exists a compact set K such that x ∈ IntK ⊂ K ⊂ U .
Remark 2.3. There are some other approaches for defining local compactness. For example:
(1) every point x ∈ X has a compact neighborhood, i.e. there is a compact set K such
that x ⊂ IntK;
(2) every point x ∈ X has a closed compact neighborhood.
It is well known and is easy to check that (2) is not equivalent to Definition 2.2, and each of
these definitions implies (1). Moreover, all these definitions coincide for Hausdorff spaces.
In the present paper a local compactness is always used in the sense of Definition 2.2.
Lemma 2.4. Let X be a locally compact topological space in the sense of Definition 2.2.
(1) For every compact K and open U in X with K ⊂ U there exists a compact L such that
K ⊂ IntL ⊂ L ⊂ U .
(2) Let p : X → Y be an open surjective map. Then Y is also locally compact.
Proof. (1) For each x ∈ K there exists a compact subset Lx such that x ∈ IntLx ⊂ Lx ⊂ U .
Due to compactness of K one can find finitely many points x1, . . . , xn ∈ K such that K ⊂
n∪
i=1
IntLxi . Put L =
n∪
i=1
Lxi . Then L is compact and K ⊂ IntL ⊂ L ⊂ U .
(2) Let y ∈ Y and V be an open neighborhood of y. We should find a compact subset
L ⊂ Y with y ∈ IntL ⊂ L ⊂ V .
Fix a point x ∈ X with p(x) = y, and let U = p−1(V ). Since X is locally compact there
exists a compact K ⊂ X such that x ∈ IntK ⊂ K ⊂ U . Then L = p(K) is compact.
Moreover, as p is open, p(IntK) is an open neighborhood of y contained in L, and so y ∈
p(IntK) ⊂ IntL ⊂ L ⊂ V . Thus Y is locally compact. 
Compact open topologies. Let X, Y be topological spaces and C(X, Y ) be the set of all
continuous maps f : X → Y . For every compact K ⊂ X and open U ⊂ Y put
N (K,U) = {f ∈ C(X, Y ) | f(K) ⊂ U}.
Then the compact open topology on C(X, Y ) is the topology generated by the prebase con-
sisting of sets N (K,U), where K runs over all compact subsets of X and U runs over all
open subsets of Y .
For a point y ∈ Y we will denote by evy : C(X, Y )→ Y the “evaluation map at y” defined
by evy(f) = f(y).
Lemma 2.5. Let X, Y, Z be topological spaces.
(1) For each y ∈ Y the evaluation map evy : C(X, Y )→ Y is continuous.
(2) Let µ : C(X, Y )×C(Y, Z)→ C(X,Z) be the composition map defined by µ(f, g) = g ◦ f .
If Y is locally compact, then µ is continuous with respect to compact open topologies on
those spaces.
(3) Suppose again that Y is locally compact. Then C(Y, Y ) is a topological monoid, that is
µ is continuous with respect to compact open topologies on those spaces. Hence, due to
Lemma 2.1, pi0C(Y, Y ) is a monoid, while pi0H(Y ) is a group.
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Proof. (1) Let V ⊂ Y be an open subset. Then ev−1y (V ) = N ({y}, V ). Indeed, g ∈ C(X, Y )
belongs to N ({y}, V ) iff evy(g) = g(y) ∈ V . Hence the inverse image of each open set in Y
is open in C(X, Y ) and so evy is continuous.
(2) Let f ∈ C(X, Y ), g ∈ C(Y, Z), and N (K,W ) be an open prebase neighborhood of
g ◦ f in C(X,Z), where K ⊂ X is a compact and W ⊂ Z is open. Denote L = f(K) and
V = g−1(W ). Then L is compact, V is open and L ⊂ V . Hence by (1) of Lemma 2.4 there
exists a compact set M ⊂ Y such that L ⊂ IntM ⊂M ⊂ V .
Then N (K, IntM) is an open neighborhood of f in C(X, Y ), and N (L,W ) is an open
neighborhood of g in C(Y, Z). Moreover, we claim that
µ
(N (K, IntM)×N (M,W ) ) ⊂ N (K,W ).
Indeed, if f ′ ∈ N (K, IntM) and g′ ∈ N (M,W ), then
g′ ◦ f ′(K) ⊂ g′(IntM) ⊂ g′(M) ⊂ W,
that is µ(f ′, g′) = g′ ◦ f ′ ∈ N (K,W ).
Statement (3) is a direct consequence of (2) when X = Y = Z and Lemma 2.1. 
3. Maps consistent with a partition
Let p : X → Y be a factor map between topological spaces, that is p is surjective and a
subset A ⊂ Y is open if and only if p−1(A) is open in X. In other words, Y has the strongest
topology in which p is continuous. It is well known and is easy to see that every open and
every closed map is factor.
Let ∆ = {p−1(y) | y ∈ Y } be the partition of X into the inverse images of points of Y .
A continuous map h : X → X will be called a ∆-map if for each ω ∈ ∆ its image h(ω) is
contained in some element ω′ of ∆. Hence every ∆-map h induces a map ψ(h) : Y → Y
making commutative the following diagram:
X
h−−−→ X
p
y yp
Y
ψ(h)−−−→ Y
(3.1)
The following well known and easy lemma implies that ψ(h) is continuous whenever h is
so.
Lemma 3.1. Suppose we have the following commutative diagram
X
f
  
p

Y g
// Z
(3.2)
in which f is continuous and p is a factor map. Then g is continuous as well.
Proof. We should show that for each open A ⊂ Z its inverse g−1(A) is open in Y as well. As
p is a factor map, the latter is equivalent to the assumption that p−1(g−1(A)) is open in X.
But p−1(g−1(A)) = f−1(A) due to commutativity of the diagram (3.2) and this set is open
as f is continuous. 
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Let E(X,∆) be the monoid of all ∆-maps of X, and E(Y ) = C(Y, Y ) be the monoid of
all continuous self-maps of Y . Let also H(X,∆) be the subgroup of E(X,∆) consisting of
homeomorphisms and H(Y ) be the group of homeomorphisms of Y .
Then Lemma 3.1 implies that the correspondence h 7→ ψ(h) is a well defined map
ψ : E(X,∆)→ E(Y ) (3.3)
being a homomorphism of monoids.
Definition 3.2. We say that the quotient map p : X → Y has
• property (K) if for every compact L ⊂ Y there exists a compact K ⊂ X such that p(K) = L;
• property (C) whenever the homomorphism ψ : E(X,∆)→ E(Y ) is continuous with respect
to the corresponding compact open topologies of those groups.
The following statement gives sufficient conditions under which ψ will be continuous with
respect to compact open topologies on E(X,∆) and E(Y ).
Lemma 3.3. (K) =⇒ (C).
Proof. Recall that the prebase of compact open topology on E(Y ) consists of sets
N (L, V ) = {k ∈ E(Y ) | k(L) ⊂ V },
where L ⊂ Y is compact and V ⊂ Y is open. Let h ∈ E(X,∆) and N (L, V ) be any prebase
neighborhood of ψ(h) in E(Y ), so ψ(h)(L) ⊂ V . Fix any compact K ⊂ X with p(K) = L
and put U = p−1(V ). Then
h(K) ⊂ h(p−1(L)) ⊂ p−1(ψ(h)(L)) ⊂ p−1(V ) = U,
so h ∈ N (K,U). Moreover, we claim that in fact ψ(N (K,U)) ⊂ N (L, V ), which will imply
continuity of ψ at h.
Indeed, let g ∈ N (K,U), so g(K) ⊂ U . Then
ψ(g)(L) = ψ(g)
(
p(K)
)
= p
(
g(K)
) ⊂ p(U) = V.
Thus ψ(g) ∈ N (L, V ), and so ψ is continuous. 
Corollary 3.4. Suppose Y is a locally compact Hausdorff space and p : X → Y be a surjective
continuous map. Then each of the following conditions implies condition (C) for p:
(a) p is a proper map, i.e. p−1(L) is compact for each compact L ⊂ Y
(b) p is an open map and admits local cross sections, i.e. for every y ∈ Y there exists an
open neighborhood V and a continuous map f : V → X such that p ◦ f = idV ;
(c) p is a locally trivial fibration.
Proof. Notice that (c) is a particular case of (b). In the remaining cases (a) and (b) it suffices
to check that p is a factor map and that condition (K) of Lemma 3.3 holds true.
(a) It is well known and is easy to check that a proper map p onto a locally compact
Hausdorff space Y is closed, i.e. p(F ) is closed in Y for each closed F ⊂ X. In particular, p
is a factor map.
Moreover, suppose L ⊂ Y is a compact subset. As p is proper, the set K = p−1(L) is
compact. Moreover, p(K) = L since p is also surjective.
(b) Since p is open, it is also a factor map.
Furthermore, let L ⊂ Y be a compact subset. For each y ∈ L choose a neighborhood Vy
and a cross section fy : Vy → X, i.e. a continuous map satisfying p ◦ fy = idVy . As Y is
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locally compact, one can assume that Vy is compact as well. Due to compactness of L one
can find finitely many points y1, . . . , yn such that L ⊂
n∪
i=1
Vyi . Moreover, as Y is Haussdorf,
Li = L ∩ Vyi is compact, whence Ki := fyi(Li) is compact in X. Put K =
n∪
i=1
Ki. Then K is
compact and
p(K) = p
(
n∪
i=1
Ki
)
=
n∪
i=1
p(Ki) =
n∪
i=1
p ◦ f(Li) =
n∪
i=1
Li = L.
Corollary is proved. 
Notice that the proof of Corollary 3.4 is heavily based on the assumption that Y is locally
compact Hausdorff. In the next section we will release those conditions by allowing Y to be
“Hausdorff” except for some locally finite subset, see Theorem 5.2.
4. Branch points of T1 spaces
Let Y be a topological space. Say that two points y, z ∈ Y are T2-disjoint (in Y ) if they
have disjoint neighborhoods. Denote by hcl(y) the set of all z ∈ Y that are not T2-disjoint
from y. Then z ∈ hcl(y) if and only if each neighborhood of z intersects each neighborhood
of y. We will call hcl(y) the Hausdorff closure of y.
Evidently, y ∈ hcl(y). Moreover, y ∈ hcl(z) if and only if z ∈ hcl(y). Thus the relation
y ∈ hcl(z) is reflexive and symmetric, however in general it is not transitive.
Following [13] and [12] we will say that a point y ∈ Y is branch whenever hcl(y) \ y 6= ∅,
so there are points that are not T2-disjoint from y. The set of all branch points of Y will be
denoted by Br(Y ).
Remark 4.1. In [22, 24, 23, 20, 25] we called those points “special ”, but in the present
paper we decided to change their name to “branch” as in [13, 12] since it better reflects the
structure of a space near such points. Also in [18] there were considered families of pairwise
T2-non-disjoint points called sets of compatible appartion points .
Thus in the above notation the following conditions are equivalent:
(a) Y is Hausdorff; (b) hcl(y) = {y} for all y ∈ Y ; (c) Br(Y ) = ∅.
Notice also that hcl(y) coincides with the intersection of closures of all neighborhoods of y:
hcl(y) =
⋂
V is a neighborhood of y
V . (4.1)
Let now L ⊂ Y be a subset, y ∈ L, and hclL(y) be the set of all points z ∈ L that are not
T2-disjiont from y in L with respect to the topology induced from Y . It is straightforward
that
hclL(y) ⊆ hcl(y) ∩ L, (4.2)
however the opposite inclusion can fail.
Lemma 4.2. For a subset L ⊂ Y the following statements hold true.
(1) If L ∩ hcl(y) = {y} for all y ∈ L, then L is Hausdorff.
(2) For every z ∈ Br(Y ) the following subspace B of Y is Hausdorff:
B := (L \ Br(Y )) ∪ {z} = L \ (Br(Y ) \ {z})
(3) If L is compact, then L ⊂ L ∪ Br(Y ).
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Proof. Statement (1) is an immediate consequence of (4.2).
(2) To prove that B = (L\Br(Y ))∪{z} is Hausdorff it suffices to verify that hclB(y) = {y}
for all y ∈ B.
If y ∈ L \ Br(Y ), then hcl(y) = {y}, whence B ∩ hcl(y) = {y}. Since z ∈ hcl(w) if and
only if w ∈ hcl(z), it follows that hcl(z) ⊂ Br(Y ). Therefore
B ∩ hcl(z) = ((L \ Br(Y )) ∪ {z}) ∩ hcl(z) =
=
(
(L \ Br(Y )) ∩ hcl(z)) ∪ ({z} ∩ hcl(z)) = ∅ ∪ {z} = {z}.
(3) Let y /∈ L∪Br(Y ). We will show that then there exists an open neighborhood W of y
such that L ∩W = ∅. This will imply that y 6∈ L, whence L ⊂ L ∪ Br(Y ).
Since y is not a branch point, i.e., hcl(y) = {y}, we get from (4.1) that
L ⊂ L ∪ Br(Y ) ⊂ Y \ {y} =
⋃
V 3y
(Y \ V ),
where V runs over all open neighborhoods of y. Thus
{Y \ V | V is a neighborhood of y}
is an open cover of a compact set L, and so it contains a finite subcover, i.e., one can find
open neighborhoods V1, . . . , Vm of y such that
L ⊂
m⋃
i=1
(Y \ Vi).
Hence W = V1 ∩ . . . ∩ Vm is an open neighborhood of y with L ∩W = ∅. 
Remark 4.3. For a Hausdorff space Y , statement (3) of Lemma 4.2 is well known and claims
that every compact subset L of Y is closed, i.e., L = L.
5. Locally finite subsets
Say that a subset A ⊂ Y is locally finite if for every point z ∈ Y there exists an open
neighborhood U such that the intersection U ∩A is finite. In other words, the family {{a} |
a ∈ A} of one-point subsets of A is locally finite in Y .
Lemma 5.1. Consider the following conditions on a subset A ⊂ Y of a topological space Y :
(1) A is closed and discrete.
(2) for each y ∈ Y there exists an open neighborhood V intersecting A in at most one
point;
(3) A is locally finite;
Then we have the following implications: (1) ⇒ (2) ⇒ (3).
If Y is T1 then we also have that (3)⇒(1), i.e., all the above conditions are equivalent.
Proof. (1)⇒(2). Suppose A is closed and discrete and let y ∈ Y . If y 6∈ A, then V = Y \ A
is an open neighborhood of y that does not intersect A. If y ∈ A, then discreteness of A
implies that there exists an open neighborhood V of y such that V ∩ A = {y}.
The implication (2)⇒(3) is evident.
It remains to prove the implication (3)⇒(1) under the assumption that Y is T1. Suppose
A is locally finite. Then each subset B ⊂ A is locally finite as well. Moreover, as every point
y ∈ Y is a closed subset, it follows that B is closed as a union of a locally finite family of its
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closed one-point subsets. In other words every subset of A is closed in Y . Hence A is closed
and discrete. 
The following statement is a principal result of the present paper.
Theorem 5.2. Let X be a locally compact Hausdorff topological space, Y a T1-space whose
set Br(Y ) of branch points is locally finite, p : X → Y an open continuous and surjective
map. Then p has properties (K) and (C).
Proof. Due to Lemma 3.3 it suffices to verify only (K).
Since Br(Y ) is locally finite, it follows from Lemma 5.1 that each point y ∈ Y has an open
neighborhood Vy intersecting Br(Y ) in at most one point, that is
Br(Y ) ∩ Vy ⊂ {y}.
As X is locally compact Hausdorff, for each x ∈ p−1(L) there exists an open neighborhood
Ux with compact closure Ux such that Ux ⊂ p−1(Vp(x)). Then the following lemma holds:
Lemma 5.2.1. We have that
L ∩ p(Ux) = L ∩ p(Ux). (5.1)
This implies that
(a) p−1(L ∩ p(Ux)) is closed in p−1
(
p(Ux)
)
;
(b) the set Kx := p−1(L ∩ p(Ux)) ∩ Ux is compact;
(c) p(Kx) = L ∩ p(Ux).
Proof. (5.1) The inclusion L ∩ p(Ux) ⊂ L∩p(Ux) is trivial. Conversely, by (3) of Lemma 4.2
L ⊂ L ∪ Br(Y ), whence
L ∩ p(Ux) ⊂ (L ∪ Br(Y )) ∩ p(Ux) =
(
L ∩ p(Ux)
) ∪ (Br(Y ) ∩ p(Ux)).
But
Br(Y ) ∩ p(Ux) ⊂ Br(Y ) ∩ Vp(x) ⊂ {p(x)} ⊂ L ∩ p(Ux),
whence L ∩ p(Ux) ⊂ L ∩ p(Ux) as well.
(a) Due to (5.1), the intersection L ∩ p(Ux) = L∩p(Ux) is closed in p(Ux). Therefore
p−1(L ∩ p(Ux)) is closed in p−1
(
p(Ux)
)
by continuity of p.
(b) By (a) Kx := p−1(L∩p(Ux))∩Ux is an intersection of two closed subsets of p−1(p(Ux)).
Hence Kx is a closed subset of compact set Ux, and therefore it is compact as well.
(c) Proof of this statement is based on the following simple observation.
Let p : U → V be a map between sets U and V . Then for any subsets A ⊂ U and B ⊂ V
we have that p(p−1(B) ∩ A) = B ∩ p(A).
In particular, for A = Ux and B = L ∩ p(Ux) we obtain that
p(Kx) = p
(
p−1(L ∩ p(Ux)) ∩ Ux
)
= (L ∩ p(Ux)) ∩ p(Ux) = L ∩ p(Ux).
This completes Lemma 5.2.1. 
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Now we can deduce Theorem 5.2 from statement (c) of Lemma 5.2.1. Since p is an open
map, p(Ux) is an open neighborhood of p(x), whence by compactness of L one can find finitely
many points x1, . . . , xn ∈ p−1(L) such that
L ⊂ n∪
i=1
p(Uxi) ⊂
n∪
i=1
p(Uxi).
Put K =
n∪
i=1
Kxi . Then K is compact and
p(K) = p
(
n∪
i=1
Kxi
)
=
n∪
i=1
p(Kxi)
(c)
=
n∪
i=1
(
L ∩ p(Uxi)
)
= L.
Theorem 5.2 is proved. 
5.3. Proof of Theorem 1.1. Let ∆ be a foliation on a topological manifold X such that
the space of leaves Y is T1 and the set Br(Y ) of branch points of Y is locally finite.
Then X is a locally compact Hausdorff topological space, and the map p : X → Y onto
the spaces of leaves is open. Hence by Theorem 5.2 the map (3.3), ψ : H(X,∆)→ H(Y ), is
continuous with respect to compact open topologies. 
6. Examples
In fact conditions (C) and (K) hold in many situations not covered by Corollary 3.4
and Theorem 5.2. We will consider several examples in which Y has more “pathological”
properties. In spite of certain triviality of statements below, they describe situations which
very often appear in the foliations theory.
Thus again we will assume that ∆ is a partition of a topological space X, Y is the cor-
responding space of leaves, p : X → Y is the natural projection, and we endow Y with the
factor topology with respect to p.
In order to check continuity of the induced homomorphism ψ : H(X,∆) → H(Y ) and to
verify property (K) for the projection map p we will use two following lemmas.
Trivial topology on Y . Recall that the topology on a set Y consisting only of two sets
{∅, Y } is called trivial (or antidiscrete).
Lemma 6.1. Suppose either of the following conditions holds:
(a) each element of ∆ is everywhere dense;
(b) Y has trivial topology.
Then the compact open topology on C(Y, Y ) is also trivial, whence any map into C(Y, Y ) is
continuous. In particular, ψ is so, that is p has property (C).
Proof. One easily checks that conditions (a) and (b) are equivalent.
Now, since the topology of Y contains only finitely many non-empty open sets (in fact a
unique such set), it follows that every subset L of Y is compact. Hence every prebase set of
compact open topology of C(Y, Y ) has the form
N (L, Y ) = {f ∈ C(Y, Y ) | f(L) ⊂ Y } = C(Y, Y ),
where L is an arbitrary non-empty subset of Y . In other words, the compact open topology
on C(Y, Y ) contains only one non-empty set C(Y, Y ), and therefore is trivial. 
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Baire spaces. Let E be a subset of a topological space X. Then E is of first category
in X if E can be presented as a countable union of subsets which are nowhere dense in X.
Otherwise, E is said to be of second category in X, i.e. it can not be presented as a countable
union of nowhere dense subsets of X. A Baire space is a topological space X which is of
second category in itself.
Lemma 6.2. Let G be a topological group acting on a topological space X, ∆ the partition
of X into G-orbits, Y = X/G the quotient space, and p : X → Y the natural projection.
Suppose that
(a) X is a Hausdorff Baire space;
(b) G =
∞∪
i=1
Gi can be represented as a union of countably many compact sets Gi;
(c) G-action has at least two distinct orbits;
(d) each orbit of G-action is dense in X;
Then p has property (C) but not (K).
Proof. Condition (C) follows from (d) and Lemma 6.1. That lemma also implies that Y has
trivial topology, and therefore every subset L ⊂ Y is compact.
By assumption (c), Y contains at least two distinct points, whence there is a proper subset
L of Y . Then its complement L′ = Y \ L is also a proper subset of Y . Thus L and L′ are
proper compact subsets of Y . Denote
A := p−1(L), A′ := p−1(L′) = X \ A.
Suppose there exist compact sets K ⊂ A and K ′ ⊂ A′ such that p(K) = L and p(K ′) = L′.
We will show that this contradicts to assumptions of the lemma, and thus will imply that
condition (K) fails for p.
Let µ : G × X → X be the action map. Then the relations p(K) = L and p(K ′) = L′
mean that
A = µ(G×K) =
⋃
i∈N
µ(Gi ×K), A′ = µ(G×K ′) =
⋃
i∈N
µ(Gi ×K ′). (6.1)
Since every orbit of µ is dense in X, it follows that A and A′ are dense in X as well, whence
their compact (and therefore closed in X) subsets µ(Gi × K) and µ(Gi × K ′) are nowhere
dense in X. Therefore (6.1) implies that X = A unionsq A′ is of first category, which contradicts
to the assumption that X is Baire. Hence condition (K) fails for p. 
Irrational rotation of the circle. Let S1 = {|z| = 1} ⊂ C be the unit circle in the complex
plane, α ∈ (0, 1), and f : S1 → S1 the rotation by the angle 2piα given by f(z) = ze2piiα.
Then iterations fk, k ∈ Z, of f generate the action of Z on S1 given by the action map
µ : Z× S1 → S1, µ(k, z) = fk(z), (k, z) ∈ Z× S1.
Let ∆ be the partition of S1 into the orbits of this action, Y = S1/∆ the quotient space,
and p : S1 → Y the natural projection.
Lemma 6.3. The map p has property (C). On the other p has property (K) iff α is rational.
Proof. If α is rational, then Y is homeomorphic with the circle and the projection map
p : S1 → Y is a locally trivial fibration (in fact a finite covering map). In this case, due to
Lemma 3.4(c), the homomorphism ψ is continuous, i.e. p has property (C). Moreover, since
S1 is compact, the projection map is also proper, whence property (K) holds as well.
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Figure 6.1.
On the other hand, if α is irrational, then the action of Z on S1 satisfies assumptions of
Lemma 6.2, whence property (C) holds, while property (K) fails. 
Irrational flow of the torus. More generally, let T 2 = S1 × S1 ∼= R2/Z2 be a 2-torus,
α ∈ R, and H : T 2 × R → T 2 be the flow defined by H(x, y, t) = (x + t, y + αt). Let ∆ be
the foliation of T 2 by the orbits of H and Y be the space of leaves.
Lemma 6.4. The map p has property (C). On the other p has property (K) iff α is rational.
The proof is literally the same as in Lemma 6.3.
Denjoy example. There is a well known class of orientation preserving circle homeomor-
phisms built by Arnauld Denjoy representatives of which have wandering intervals and irra-
tonal rotation numbers, see [6, 17].
Let f : S1 → S1 be a homeomorphism from this class. Then it is known to comply with
the following two properties:
(i) there exists a nowhere dense Cantor set Γ ⊂ S1 such that f(Γ) = Γ and for every
x ∈ Γ its orbit Of (x) = ∪
k∈Z
fk(x) is dense in Γ;
(ii) there exists an open arc J0 ⊂ S1 such that S1 \ Γ = unionsq
m∈Z
fm(J0).
Let ∆ be the partition of S1 by orbits of f , Y = S1/∆ the quotient space, and p : S1 → Y
the natural projection.
Denote Jm = fm(J0), m ∈ Z. Notice that Jm+1 = f(Jm) and f |Jm : Jm → Jm+1 is a
homeomorphism for each m.
Let also Q = p(Γ) and J = p(S1 \ Γ). Since Γ and S1 \ Γ are saturated with respect to ∆,
we have that Y = Q unionsq J . Moreover, Q is closed and J is open in Y . It is straightforward to
check that J is homeomorphic to (0, 1) in the topology induced from Y and that each map
p|Jm : Jm → J , m ∈ Z, is a homeomorphism.
Let us mention several properties of the topology of Y .
Lemma 6.5. (a) Let U ⊂ S1 be an open subset. If U ∩ Γ 6= ∅, then U intersects all
orbits of f , so its saturation is p−1(p(U)) = S1.
(b) Every open subset V ⊂ Y intersecting Q coincides with Y ;
(c) Every subset L ⊂ Y intersecting Q is compact.
(d) Let k : Y → Y be a continuous map such that k(y) ∈ J for some y ∈ Q. Then k is a
constant map into point k(y).
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Proof. (a) Let y ∈ U ∩ Γ and x ∈ S1 be any point. If x ∈ Γ as well, then by (i) its orbit
Of (x) is dense in Γ, whence the neighborhood U ∩Γ of y in Γ intersects Of (x). In particular,
U ∩ Of (x) 6= ∅.
Otherwise, x ∈ Ji for some i ∈ Z. Since Ji ∩Γ 6= ∅ and diameters of the intervals Jj tend
to 0 when j →∞, it follows that Jm ⊂ U for some m ∈ Z, whence fm−i(x) ∈ Jm ⊂ U . Thus,
U ∩ Of (x) 6= ∅ as well.
(b) Let V ⊂ Y be open subset intersecting Q. Then the open saturated set U := p−1(V )
intersects Γ. Hence U = S1 by (a) and thus V = Y .
(c) Let y ∈ L ∩Q, ξ = {Wj}j∈Λ be an open cover of L, and Wi be any element containing
y. Then due to (b), Wi = Y , whence {Wi} is a one-element subcover of ξ which covers L.
(d) Let V ⊂ J be a neighborhood of k(y). Then k−1(V ) is an open neighborhood of y ∈ Q,
whence by (a), k−1(V ) = Y . Thus the image of Y is contained in arbitrary neighborhood of
k(y). Since J is a T1-space, we have that {k(y)} = ∩
k(y)∈V,
V is open
V , whence k(Y ) ⊂ {k(y)}, and
therefore k is a constant map. 
Lemma 6.6. For Denjoy homeomorphism f : S1 → S1 the quotient map p : S1 → Y has
property (C) but does not have property (K).
Proof. Verification of property (C). Let h ∈ E(S1,∆), k = ψ(h) ∈ E(Y ) = C(Y, Y ), and
N (L, V ) = {l ∈ E(Y ) | l(L) ⊂ V }
be a prebase set of the compact open topology on E(Y ) containing k, where L ⊂ Y is compact
and V ⊂ Y is open. In particular, k(L) ⊂ V .
Consider two cases.
a) If V ∩ Q 6= ∅, then V = Y by Lemma 6.5(b). Hence N (L, V ) = N (L, Y ) = E(Y ).
Therefore ψ−1
(N (L, V )) = ψ−1(E(Y )) = E(S1,∆) is open.
b) Otherwise, V ∩Q = ∅, i.e. V ⊂ J . Again consider two subcases.
b1) Suppose L ∩Q 6= ∅. Since k(L) ⊂ V , we get from Lemma 6.5(d) that k is a constant
map into some point y ∈ Y . As p ◦ h = k ◦ p, it follows that h(S1) ⊂ p−1(y). But p−1(y) has
no nontrivial connected subsets, whence h is a constant map, and its image is contained in
some interval Ji. Let Ui = Ji ∩ p−1(V ). Then U = N (S1, Ui) ∩ E(S1,∆) is a neighborhood
of h in E(S1,∆) and ψ(U) ⊂ N (L, V ).
b2) Finally, assume that L∩Q = ∅, so L, V ⊂ J . DenoteK0 = p−1(L)∩J0 and U = p−1(V ).
Then the restriction p|K0 : K0 → L is a homeomorphism, whence K0 is compact. Moreover,
as p◦h = k◦p, we have that h(K0) ⊂ U , whence U := N (K0, U)∩E(S1,∆) is a neighborhood
of h in E(S1,∆).
We claim that ψ
(U) ⊂ N (L, V ). Indeed, if g ∈ U , so g(K0) ⊂ U , then
ψ(g)(L) = ψ(g) ◦ p(K0) = p ◦ g(K0) ⊂ p(U) ⊂ V.
Thus ψ is continuous, i.e. property (C) holds for p.
Proof that (K) fails. Consider the restriction f0 = f |Γ : Γ→ Γ. Since Γ is invariant under
f by property (i) and Q = p(Γ), then p0 = p|Γ : Γ → Q is well defined projection of Γ onto
the quotient space Q.
It is known from Baire theorem that Γ is a Baire space, so we can apply Lemma 6.2 to
the action of Z on Γ given by its action map µ : Z × Γ → Γ, µ(k, z) = fk(z) = fk0 (z),
(k, z) ∈ Z×Γ. So, there exists a compact subset L of Q such that there is no compact subset
of Γ which projects onto L under p0.
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The property of being compact is intrinsic, hence there is no compact subset of S1 which
projects onto L under p. 
Remark 6.7. Let H be either Z or R. Consider a (topological) dynamical system H :
G × X → X on a locally compact Hausdorff space X. Let Y be a space of orbits of this
dynamical system endowed with quotient topology and p : X → Y be a natural projection.
Each closed subset A of X is a Baire space in the topology induced from X by Baire category
theorem since A is a locally compact Hausdorff space. Hence the considerations similar to
ones made in the second part of the proof of Lemma 6.6 show the following.
If there exists a minimal subset of X which contains more than one orbit, then the
projection p does not comply with the property (K).
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